Let R, S be monoids and A, B be left R-and S-acts, respectively, a E A is called regular 
Introduction
We consider wreath products of left acts over monoids.
We investigate under which conditions properties of a left R-act RA and a left S-act ,B carry over to the wreath product RA X ,B, considered as a left T-act. Here T = R X F(A, S) is the wreath product of the monoid R and S by A.
In the first part of the present work we continue the investigation of regular acts (cf. [4, 121) . We first define regular elements and then in analogy with monoids inverse elements in acts. This way we can define regular and inverse acts. The aim is to characterize regular and inverse elements in the T-act RA x ,B and regular and inverse T-acts RA x ,B. Several examples of regular and inverse elements and acts are known. The results of this article in particular open up a method to construct many new examples of such acts.
Basic notions
We recall some definitions which will be necessary in the sequel (cf. for example [4] ).
Let R be a monoid (i.e. a semigroup with identity 1). A nonempty set A is calledaIeftR-actifraEA,(pr)a=p(ru),andlu=uforallp,rER,u~A.We sometimes write RA. We denote the category of left R-acts by R-Act and analogously by Act-R the category of right R-acts. Homomorphisms are defined in the obvious way. By End,A we denote the monoid of endomorphisms of A E R-Act.
Let X, Y be sets. By F(X, Y) we denote the set of all mappings f : X+ Y. Set P(X) = F(X, X) and A(X) = { f E P(X) 1 f bijective}. By cy, y E Y, we denote the mapping in F(X, Y) with c,(x) = y for all x E X. Let T = T(R, S, A) = R x F(A, S) be the wreath product of the monoid R with the semigroup S by the left R-act A. We recall that multiplication in T is defined by (r, f)( p, g) = (rp, frg) with (f,g)(u) = f(pa)g(a) for all a E A, r, p E R, f, g E F(A, S). T is a monoid if and only if S is a monoid (cf.
[9]).
If A E R-Act and B E S-Act, then C = A X B is a left T-act, i.e., C E T-Act, where
forallaEA,bEB,rER,fEF(A,S).
We call rC the wreath product of the acts A and B (cf. [5] ). Projective and strongly flat wreath products of acts were studied by Normak [lo] .
There exist many examples of wreath products of acts. A very simple and natural example is presented in the following theorem. Recall that a free right S-act F with basis X is (up to isomorphism) the disjoint union of 1x1 copies of S, S being considered as a right S-act over itself, i.e. F z Il)x,EX Sx, (cf. [6] ). Moreover, recall that Q, :End,F+ T(P(X), S, X) = Tx, where @(q) = (r, f), if q(x) = r(x)f(x) for cp E End,F and x E X, is an isomorphism of monoids (cf. ]9,111). Now let y:R,-+R, be a homomorphism of monoids, A, E RI-Act, A, E R,-Act. A mapping (Y : A,* A, is called y-semilinear if a(ru) = r(r)a(a) for all rE R,, uEA, (cf. [8] ). 
1.2.
Other examples arise when considering a graph X (undirected, without loops or multiple edges) with vertex set V(X) as an M(X)-act where M(X) is any submonoid of the monoid of endomorphisms of X (cf. [3] ). Then the lexi-cographic product X[ Y] of a graph X by a graph Y (cf. [3] , there the lexicographic product is called composition) is a left (M(X) X F(V(X),M(X)))-act (cf. [7] ).
1.3. Applications of the wreath product of acts are found in automata theory, especially the theorem of Krohn-Rhodes about the decomposition of automata (cf. [l, 11.4.11).
Regular elements of acts
We call an element a E RA regular if there exists a homomorphism of left R-acts cp: Ra+ R such that cp(a)u = a. (1) Every element r which is von Neumann regular in a monoid R, i.e., there exists r'E R such that rr'r = r, is a regular element in RR. Then rr' is the idempotent required for regularity in RR.
(2) (N, a) is not a regular monoid, but .N is a regular fW -act [12] . (3) If R is right cancellative, then every projective left R-act, which is already free in this case, is regular [12] . Now u is not right cancellable and not a regular element in the monoid R, but u is a regular element in the left R-act RR; regular pairs are {u, u} and {u, w}. Other regular pairs are {u, v}, {u, w} and {w, w}, {w, u}.
(5) X is a regular P(X)-act, the only regular pairs are {x, cx} . (1, f>(e, h) = (e, h)(e, h) = (e, h) , Proof. Follows immediately from Theorem 2.7. 0
Theorem. Let Fs be a free right S-act with basis X. Then an element xs E F, x E X, s E S, is regular in the left End,F-act F if and only ifs is a regular element in the left S-act S. The left End,F-act F is regular if and only if the left S-act S is regular.
Proof. By Theorem 1.1 the left End,F-act F is isomorphic to the wreath product ,,(X X S) of the left P(X)-act X and the left S-act S where T, = P(X) X F(X, S). Since {x, e} is a regular pair if and only if e = c, (cf. 2.3(5)), we have AZ = 0. Thus the statements of the theorem follow by Theorems 2.7 and 2.9. 0 2.11. Examples. Let R, S be (von Neumann) regular monoids, S with right zero, take RA = RR, ,B = $3. Then C = R X S is a regular left T-act, T = R X F(R, S). Adjoining a right 0 to T we get To and adjoining a zero to C we get Co. Then C x Co is a regular left T X F(C, To)-act. By this method Theorem 2.9 can be used to generate new regular acts.
Inverse elements in acts
We call an element a E RA inverse if it is regular with a unique homomorphism of left R-acts cp : Ra* R such that cp(a)a = a.
Proposition.
The following conditions for a E RA are equivalent:
(1) a is inverse; (2) There exists a unique e2 = e E R such that ea = a and ra = pa implies re = pe where r, p E R.
Proof. It is clear by Proposition
2.1 that (1) and (2) are equivalent. 0
The unique regular pair {a, e} will be called inverse pair. If all elements a E RA are inverse, then RA is called an inverse left R-act. (6) The left P(X)-act X is inverse (cf. 2.3(5)). (7) The element u E R in 2.3(4) is regular but not inverse. Consider R\(w), then u and u are inverse elements. {(a, b), (e, h) It is clear that (e, h')2 = (e, h') and (e, h')(a, b) = (a, b) .
Examples. (1) Every inverse element in the monoid

Lemma. Let
Let {(a, b) , (e', h')} is also a regular pair in A x B. By Lemma 2.4 it follows that {a, e'} and {b, h'(a)} are regular pairs. As a and b are inverse elements, this implies that e' = e and h'(a) = w. It remains to show that h'(x) = h(x) for all x E A, x # a. Thus take x E AT\{ a}, then using (i) we get h'(x) = h'(ex)h'(x) = h'(u)h'(x) = wh'(x) = w = h(x).
And if x E At, then by Lemma 2.5 we get that h'(x) is a right zero in S, which is the zero in S, which exists by (ii). Thus h'(x) = 0 = h(x). Proof. Follows immediately from Theorems 3.7 and 3.9, taking into account that in this case \A;\>1 andAr=P)for all e*=eEP(X). q 3.11. Examples. The method mentioned in Example 2.11 can, with the appropriate modifications, be used to construct inverse acts.
